Engineering Sciences International Research Journal : Volume 4 Issue 2 (2016)

ISSN 2320-4338

A BOUNDARY VALUE PROBLEM OF FRACTIONAL ORDER OF EXISTENCE OF
SOLUTIONS THE HALF - LINE VIA MONOTONE THEORY
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Abstract: A boundary value problem we discuss existence and uniqueness of a weak solution of a fractional
problem on the half-line via the Minty - Browder theorem.
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Introduction: Fractional Calculus is a generalization
of ordinary differentiation and integration to an
arbitvary order. In this paper we study to fractional
boundary value problem.

D* — (D* + u(t)) + u(t) =
((tru(®),t € (0, +)

u(0) = u(+w0) =0
Where %<o<1andf;(0+00)><]R—>]R is a
caratheodory  function first we  recall
fractionalintegral and derivatives operators:
Definition 1.1. ([5], [8], [7]) Let u ba a function
defined on (o, +o). The left and right Riemann -
Liouville fractional integrals of order o > o for a
function p denoted by 1%+ pu and 1%- y, respectively,
are defined by

1 t

I (@ =750, =9 “Thuls)
ds, t € (0, + =),

And

I+pu () = Tla)f:w (s—t) “'u
(s) ds, t € (0, + 0),
Provided that the right - hand side is pointwise
defined on (o, + o0); here T (x) is the gamma
function.
Definition 1.2: ([5], [8], [7]) Let u be a function
defined on (o, +0). For
N -1 =< o < n (n € N¥), the left and right Riemann -
Liouville fractional derivatives of order o for a
function u denoted by D*+u and D% — u respectively,
are defined by

D<4p(t) = S I u(t)

1 dn -t o
T d?fo (t—s) "= Ip(s)dste
(O’ +OO),
And
D“—u(t) = (_1)n ;1? [ u(t)
p" 4"

400 —x—1
- T am ft (s—">1u

(s) ds, t € (0, +»),

Provided that the right - hand side is pointwise
defined.

In particular for o=n, D*+u(t) = D*u(t) =
D™u(t)and D* — u(t) = (—=1)" D"™u(t),t € (0,+x)
Proposition 1.1.[5]  If D*+u(t)= D*—ue
L}(0, +oo)and n — 1 <x< n,then

1“4+ D% +u(t) =u(®) + X} Cj (t —a)*~/
1= D% —u(®) =u(®) + T}, ¢j (b — )
With ¢} + E0° Db
J T(oc—j+1
Now we introduce a new space which is suitable for
the study of our fractional BVP. Let.
EZ(0,+) = {u € L?(0,+%).D* + u

€ L?(0,+00),u(0) = u(e0) = 0},
With the natural norm

e = ( f lu(0)[2dt

€ERj=12..n

+oo 1
+ f D% + u(t)|?dt)?, Vu
0

€ E§(0,+). (1.2)
Let the space Cp([O, +00))be defined by

C,([0,+=)) =
{u € C([O, +oo)), R): lim p(t)u(t)exists}
And endowed with the norm

[lul|eo,p =
Where the function p :[o,
continuous and satisfies

= pOu@)l,

te[0,4+0)
+00) - (0,4+) is

1
lim p()t* 2 =0.

n-+oo

We put

1 Su; _1
M=\/—ﬁr(oc) .ﬁ p()t* 2.

Throughout this paper we assume p satisfies these
conditions. Using the same idea as in [5] one can
casily prove the following proposition.

Proposition 1.2: [5] If ue L2(0,+),D* + u €
L%(0, +o0)with u(0) =

U(+0) = 0 and u € ([0, +)), then

J+mD°‘ +u(u(t)dt = f+oou(t)D°‘ —u(t)dt.

Using Proposition 1.2. wo now define a weak solution
of problem (1.1).

Definition 1.3.: A weak solution of the fractional
boundary value problem (1.1) is given by a solution of
the following variational formula.
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f+oo[D°‘ +u(®)D* + u(t) + u(t)u(t)
0

— f(t,u(t))u(t)]dt =0, forallu
€ E5(0, +).
Now we recall some information for the literature
needed in this paper.
Definition 1.4.: [9] Let X be a Banach space. An
operatior A : X— X" which satisfies.
(Au — Au,u—u) =0
For any u, v € X is called a monotone operator. An
operator A is called strictly monotone it for u # v
striet inequality holds in (1.3). An operatior A is called
strongly monotone if there exists C > 0 such that.
(Au — Au,u —u) = C|lu —ul|?

For any u, v € X. It is clear that a strongly monotone
is strictly monotone.
Detinition 1.5. [9] Let A : X = X* be an operator on
the real Banach
space X.
(a) A is said to be demicontinuous if

u, > uasn- +ooimplies Au,, - Auasn — +oo.
(b) A is said to be hemicontionus if the real function.

t— (A(u + tu),w) is continuous on [o0.1] for al u, v,

wEX.
(c) A is said to be coercive if
(Au.u)

[ul]

Remark 1.1. [4] It is easy to see that for monotone
operatior A : X— X~
With Dom (A) = X,
hemicontinuity are equivalent.
Theorem 1.3. [6] (Minty-Browder) Let X be a
reflexive real Banach space.
Let A : X = X* be an operatior which is bounded,
hemicontious, coercive and monotone on the space
X. Then, the equation Au = f has at least one solution
u€ X for each fe X*. If a is strictly monotone then the
solution is unique.
2. Main Result:
We begin with the space Eg (0, +).
Proposition 2.1. EG(0, +). is a Banach space.
Proof. Let (u,)n>1 be a Causchy sequence in
ES (0, +o0). Then (u,)n = 1,
(D* +un)n > 1 are Cauchy sequences in L*(0, +).
From (1.2) we have ||u, —up|l« = 0asn,m — 4+
which implies that

[l 7~ +en

demicontinuity and

|| — Um||L250,|| D +1p =D+ ||Lz—>0
As n, m- +4oo.Since [*(0 + ©) is a Banach space,
there exist functions
Uy Uy € L?(0 4 )
u, in L(0, +)as
n— 4. We now show that D%+ u; =u, From
Proposition 1.2, we have

such that u; »u,D*+u, -

+oo
f D% + u, (t)dt
0

+o0o
- f Un (D% — @()dt, Y
0

€ C5° ([0, +0))
And then by using the definition of the inner product
in L2(0, +), we obtain that

fﬂo u, (t)dt = f+oou1(t)D°‘ —p(t)dt, Ve
0 0
€ C5° ([0, +00))

And so D* 4 uy. Thus lim, o |[u, — wy || =
0, and so E§ (0, +) is a Banach space.
Lemma 2.2. The operator
T :  E§(0,+%) - T (E§(0,+0)) c L*(0,+) =
L%(0, +0)
u-Tw) = (u,D*+u)
[s an isometric isomorphic mapping.
Proof. It is clear that T is a linear operatior and we
now show that T conserves norms, i.e.
vu € E§(0,+00): ||Tul|L3 = [lul| .
Indeed, we have
[[(wD* +w) || = [lul| «
& lul|Ly + |ID% + ul|L? = [[ul| «.
|
Proposition 2.3. E§ (0, +) is a reflexive space.
Proof. Since,L?((0,+»))R) is a reflexive Banach
space, the Cartesian space
L12(0, +0)R) = L2((0, +0)R) x L2(0, +)R)
Is also a reflexive Banach space with respect to the
norm.
1u[113 = 2y lgl | PPwhere w = (uy,u,) €
3(0, +0)R).
Then
T : EF(0,+%) - T(Eg(0,+x) c
L5(0, +)
u—- T(w) = (u, D"+ u)
is an isometric isomorphic. So T (E§(0,+))is a
closed subspace of L5(0, +)
and by [[2], Theorem 4.10.5] then T(E§(0,+)) is
reflexive. Consequently
E§ (0, +o0) is also reflexive (see[[2], Lemma 4.10.4]).
Proposition 2.4E (0, +o0) is a separable space.
Proof. Since, L? (0,+%),R) is a separable Banach
space, the Cartesian space
13(0, +00)R) = L? (0, +)R) x L* (0, +)R)
Is also a separable Banach space with respect to the
norm.
Ilul|L3 LZ=1||ui||L2Where u = (uy,u,) € L5(0,+0)R).
Then, the space T(ES(0,+)) c L3 is also separable
(see [1], Proposition
11.22). Morcover, the operaor
T:ES(0,4+00) > T(EF(0,+0) c L2(0, +0)
u-T(uw) = (u,D* +u)
is an isometric isomorphic, so Eg(0,4+) is a
separable space.
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Lemma 2.5. For all ue E§(0,+o) we have that

Eg(0, +00) embeds continuously in C, (0, +)). i.e.,
Mo > 0, |[llesp < Mol | ullec

Proof. For all ue E§(0,+),andt >0,

U(t)=I15(D" + u(D)),

So
P(t)u(t)=p(t) IF(D* + u(t))

Which implies from the Cauchy-Schwartz inequality

|p(t)1}f(D°‘ +u(®)|

p(t) x—1
- 29 ] (t — $)“ D% + u(s)ds|
T((;))(j (t — 5)2=Dgs)z (f D* + u(s))? d5)2
p(t)

< 29[ - W“%muf|MMds

+J-+°° |D* + u(s)|? ds)i
_ |lul| o
J2x —1.7(%)

|[ul[o,p = sup [p®u®)]

t€e[0,+00)

:Ewp|momw“+mon

t

1
p(t)t 2
Then

m SUPp(t)t

And so,

|[ul|oo, p < M|[ul| o
From the definition of the norm in E§ (0, +), it is
easy to see that ]
Proposition 2.6. Ej (0, +00) embeds continuously in
L? (0, 40).
To prove the compactness embedding of
E5(0,+) in Cp([O, +oo)) we follow the ideas in [3].
Lemma 2.7.[3] L.ct Dc C,, ([0, +)) be a bounded set.
Then D is relatively compact if the following
conditions hold.
@) D is equicontinuous on any compact sub-
interval of R, i.e.,

V] c [0, +o0)compact subinterval, V€> 0,35
> 0,Vt,,t, €,

[ty — ;] <6 = [p(t)u(ty) —pEt)ult)| <

gYu€eD,

(b) Dis equiconvergent at +o i.e.,

Ve > 0,3 T =T(e) > Osuch that

t, t; 2 T(e) = |p(t)ulty) — Ip(t)ulty)]
<gVu€eD. m

Vi, 6yt

Theorem 2.8.The embedding

E§(0,+00) = €, ([0, +0))
Is compact.
Proof. Let D c E§(0,+) be a bounded set.
Then it is bounded in
Cy ([0, +)) by Lemma 2.5. Let R> 0 be such that for
all u € D|Ju]| x< R.
We will apply Lemma 2.7.
@) D is equicontinuous on every compact
interval of [0, +).
Letu € D and t,t, €] < [0,+). where | is
a compact sub-interval and by the Cauchy-
Schwarz inequality, we have
|p(t)1°< +u(tl) — p(t)I* +u(ty) =
CILOICERICL

S p(e) [t — ) u(s)ds |
< g 1P | =9 tu(s)ds
- p(t2) fo (ty = $)* Tu(s)ds |
P(fz) ty
1
s;@5L|MQMn—w*wagm
— D) Ju(s)|ds

) tu(s)ds|

?g% (t2 = ) u(s)ds|
||1l||L2 fa “1
s T(oc) [( (p(t2) (& — )" = p(t) (L,
—5)*"1)2ds)!/?
- p(tz)f (t, — 5)%%72ds]
So we have

Ip(t)u(t,) — Ip(t)u(ty)]
=p(t)I* + D* +u(ty) — p(t)Iy
+ D°‘ + u(ty)|

( (p(t)(ts = )" = p(t)(t,
- S)“'1)2d5)1/2)>
p(t) (f2(t, -
tl( p(t)(t — ) = p(t)(t,
- s)“_l)zds)l/z))

p(tz) (f *(ty — )~ 1)ds)z - 0.

1D + ul|L?
T ()

[ID*+ul|L?

20=2 7\1/2
e s) ds)

R
<
_T(“)(o

T(°<)

AS |t1 _tzl il 0.
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